An edge of a k-connected graph is said to be k-contractible if the contraction of the edge results in a k-connected graph. In this paper, we prove that a (K 1 + C 4 )-free minimally k-connected graph has a k-contractible edge, if incident to each vertex of degree k, there is an edge which is not contained in a triangle. This implies two previous results, one due to Thomassen and the other due to Kawarabayashi.
Introduction
In this paper, all graphs are finite undirected graphs with neither loops nor multiple edges. For a graph G, let V (G) and E(G) denote the set of vertices of G and the set of edges of G, respectively. For a graph G, letḠ denote the complement of G. For a vertex x ∈ V (G), we write N G (x) the neighborhood of x. We denote the degree of x ∈ V (G) by d G (x), namely d G (x) = |N G (x)|. Let K n and C n stand for the complete graph of order n and the cycle of order n, respectively. Let G and H be graphs. If G has no subgraph isomorphic to H, then we say that G is H-free. We denote the union of G and H by G ∪ H . We write mG the union of m copies of G. Let G + H denote the join of G and H. We denote the cartesian product of G and H by G × H . We write G m the cartesian product of m copies of G.
Let k be an integer such that k 2. A k-connected graph G is said to be minimally k-connected if G − e is no longer k-connected for any e ∈ E(G). An edge e of a k-connected graph is said to be k-contractible if the graph obtained from G by contracting e (and replacing each of the resulting pairs of double edges by a single edge) is still k-connected. If d G (x) = k, then N G (x) is a cutset consisting of k vertices. We call such a cutset a trivial cutset.
It is known that every 3-connected graph of order 5 or more contains a 3-contractible edge [10] . Fontet [2] and independently Martinov [8] proved that if G is a 4-connected graph with no 4-contractible edge, then G is either the square of a cycle or the line graph of a cyclically 4-connected cubic graph. Hence, in this paper, we consider k-connected graphs with k 5. Thomassen [9] stated that there exist infinitely many k-connected k-regular graphs which do not have a k-contractible edge for k 4.
Thomassen [9] proved the following theorem.
Theorem 1.
Let G be a k-connected triangle-free graph. Then G contains a k-contractible edge.
After this result, Egawa et al. [1] studied the distribution of k-contractible edges in a k-connected triangle-free graph and proved that a k-connected triangle-free graph contains min{|V
In view of their result, a k-connected triangle-free graph has a lot of k-contractible edges, which raises the question of whether it is possible to relax the condition "triangle-free" in Theorem 1. In [4] , Kawarabayashi proved the following theorem. Let K The same conclusion does not hold when k is even. Let k 4 be an even integer and let K k/2
3 is k-regular, k-connected and each edge is contained in one triangle. Hence it does not have a k-contractible edge and it does not contain a K We show that Main Theorem implies both Theorem 1 and Theorem 2. Let G be a k-connected graph. If G is not minimally k-connected, then delete edges from G until we obtain a minimally k-connected graph G . We easily observe that if G does not contain a K 3 or a K − 4 then G does not contain a K 3 or a K − 4 . Moreover we observe that if G has a k-contractible edge e, then e is a k-contractible edge in G also. Since each edge of a triangle-free graph is not contained in a triangle, these observations assures us that Main Theorem implies Theorem 1. We prove the following proposition which shows that Main Theorem also implies Theorem 2.
Proposition. Let k be an odd integer such that k 5. If a k-connected graph G does not contain a K −

, then for any vertex x ∈ V (G) of degree k, there exists an edge incident with x which is not contained in a triangle.
Proof. Let H be the subgraph induced by N G (x). Then, since G does not contain a K − 4 , we see that the maximum degree of H is at most 1. This together with the fact that |V (H )| = k is odd implies that there exists a vertex y ∈ N G (x) such that d H (y) = 0. Then the edge xy is not contained in a triangle of G.
In Main Theorem there are two conditions for a minimally k-connected graph to have a contractible edge. Namely, (i) it does not contain a K 1 + C 4 , and (ii) for any vertex x of degree k, there exists an edge incident with x which is not contained in a triangle.
Assume k 4 is even and again consider the graph K k/2 3 which has no k-contractible edge. We observe that this graph does not contain a K 1 + C 4 , hence it satisfies the condition (i) but it does not satisfy the condition (ii). Hence, this example shows the necessity of the condition (ii).
To conclude this section, we show the necessity of the condition (i).
We construct a minimally 20-connected graph G which satisfies the condition (ii) and does not have a 20-contractible edge. G consists of six parts, H (0) , H (1) , . . . , H (4) , and S, where each of H (0) , H (1) , . . . , H (4) is isomorphic to the complement of 4K 4 and S is isomorphic to the complement of K 20 . For 0 i 4, let
where, for a simplicity, we indicate the edges of the complement of H (i) . Let
Then we define G as follows.
By this construction we observe that (5) shows that G satisfies the condition (ii). Hence G is a desired example, and the necessity of the condition (i) is shown.
Preliminaries
In this section we give some more definitions and preliminary results.
For a graph G, we write |G| for |V (G)|. For a subgraph H of a graph G, when there is no ambiguity, we sometimes write simply H for V (H ). So N G (H ) and G−H mean N G (V (H )) and G−V (H ), respectively. For an edge e ∈ E(G), let V (e) denote the set of end vertices of e. Let V k (G) denote the set of vertices of degree k. For a subset S of V (G), the subgraph induced by S is denoted by G[S]. When there is no ambiguity, we write E(S) for E(G[S]). For a vertex x in V (G), let E(x)
denote the set of edges incident with x. Let P n stand for the path of order n.
A k-connected graph with no k-contractible edge is said to be a contraction critically k-connected. A cutset consisting of k vertices is said to be a k-cutset. Let e be an edge of G which is not k-contractible.
Then there is a k-cutset S such that e ∈ E(S). A component of G − S is said to be a component with respect to e, or (equivalently) a component A of G − (N G (A) − A) is a component with respect to e if |N G (A) − A| = k and V (e) ⊆ N G (A) − A. A component A with respect to e is said to be minimum (resp. minimal) if there is no component B of G − (N G (B) − B) other than A such that |N G (B) − B| = k, V (e) ⊆ N G (B) − B, and |B| < |A| (resp. B ⊆ A). For a nonempty set of edges F ⊆ E(G),
we say that A is a component with respect to F if A is a component with respect to some e ∈ F . A component A with respect to F is said to be minimum (resp. minimal) if there is no component B other than A with respect to F such that |B| < |A| (resp. B ⊆ A). We denote the cardinality of a minimum component with respect to e by (e) and we set E L (G) = {e ∈ E(G)| (e) (k + 1)/2 }.
We start with the following basic lemma, which was virtually proved by Mader [6, 7] .
Lemma 1. Let G be a k-connected graph. If E L (G) has a nonempty subset F such that a minimal component with respect to F has a vertex x with E(x) ∩ F = ∅, then G has a k-contractible edge.
Proof. Without loss of generality, we may assume that G is contraction critically k-connected. Let A be a minimal component with respect to F which contains a vertex
Let xy be an edge in E(x) ∩ F and let B be a component with respect to xy.
Proof. We show that A ∩ B = ∅. By the same argument, we can show A ∩B = ∅. Suppose this is not true. Since
We divide the proof of Claim into two cases.
Now Claim is proved.
We now proceed with the proof of Lemma 1. If bothÃ ∩ B andÃ ∩B are empty, then |Ã| < (k + 1)/2 , a contradiction. Hence eitherÃ ∩ B orÃ ∩B is not empty. Without loss of generality, we may assume thatÃ ∩ B = ∅.
Hence |B| = |B ∩ S| k − |S ∩ B| < (k + 1)/2 which contradicts the fact that xy ∈ E L (G). This contradiction completes the proof of Lemma 1.
To prove Main Theorem we need the following lemmas. First two are lemmas concerning minimally k-connected graphs and the last one is a tool to estimate the order of a graph.
Halin [3] proved the following.
Lemma 2. Every minimally k-connected graph has a vertex of degree k.
Mader [5] proved the following. 
Lemma 3. Let G be a minimally k-connected graph and let T be the set of vertices of degree k. Then G − T is a (possibly empty) forest.
Lemma 4. Let G be a graph and let W be a subset of V (G). Then
We claim that xz ∈ X(G). For otherwise, if xz is contained in a triangle, then each edge in E(z) is contained in some triangle, which together with the fact that d G (z) = k contradicts the assumption of Main Theorem. Similarly, we see that yw ∈ X(G). Since N G (w) = (S − {x}) ∪ {z}, this implies that N G (y) ∩ S = {x}.
Let B be a minimal component with respect to xz.
. By using the same argument in the previous paragraph, we can conclude that N G (z) ∩ T = {x}, which implies that w / ∈ T . Hence either w ∈ B or w ∈B. Assume that w ∈ B. Then A ∩B = ∅ since A = {z, w} and z ∈ T ∩ A. Furthermore, because N G (w) = (S − {x}) ∪ {z}, we see S ∩B = ∅, which together with the fact that T ∩ A = ∅ implies thatÃ ∩B = ∅. Now we haveB = ∅, a contradiction and hence w / ∈ B. Since in this argument we do not use the minimality of B, we can also see that w / ∈B, which contradicts the fact that w / ∈ T . This contradiction completes the proof of Claim 2. 
(G).
And this is the final contradiction, now the proof of Main Theorem is completed.
